An integral condition on weights u and u is given which is equivalent to the boundedness of the Hardy operator between the weighted Lebesgue spaces L& and L: with 0 < 4 < 1 < p < co. The Hardy inequalities are applied to give easily verified weight conditions which imply inequalities of Opial type.
holds for all g with g(u) = 0. Here p > 1, q > 0, and 0 < s < p.
(Negative values of p, q, and s were also considered in [2] but we concentrate here on this range of indices which includes (1) as a special case.) If s = 0, (2) is equivalent to the weighted Hardy inequality
The weights for which (3) holds have been characterized in the cases 1 <p <q< cc and 1 <q< p < co (see Theorem 1 below). In the next section we extend this characterization to the case 0 < q < 1 < p using Halperin's level function [6] as an important tool.
In the third section we show that the Opial-type inequality (2) follows from an inequality of the form (3) and that the weight conditions thus obtained are weaker than those previously known. Also in Section 3 a two-function generalization of Opial's inequality is given which may be compared with results of Pachpatte [13] .
Throughout the paper p' is defined by l/p + l/p' = 1 and similarly for other indices. (For functions the "prime" denotes differentiation as usual.) Inequalities are considered to be trivially valid if the greater side is infinite and products of the form 0. co are taken to be 0. The weighted Lebesgue space Lt.= L;.(a, h) consists of those functions ,f for which ii,fil,,,,, = (j; I,fl p M')',P < r;c.
HARDY'S INEQUALITY
Suppose 0 <q< co, 1 <p< co, l/r = l/q-l/p when q<p, and --a B a <b 6 co. For measurable functions u and u defined on (a, h) and taking values in [0, co] we define W, IV, and V by u' = U' "', W(t) = i: M', and V(t) = s!? u. Also define A, B, D, and C by A = sup V(t)"' W(t)""', rt (u.b) and C is the inlimum of the set of positive constants c such that II~llY,~ G c Ilfll, u for all non-negative, measurable functions J: Here F(t)= j:f: Note that if C>'O then we have IIFlj,,. d C Ilfll,,, for all nonnegative f:
For the proof of (1) see [ 10, 4, 9] and for the proof of (2) see [9] . To prove (3) we require the following. Before beginning the proof of Theorem l(3) we give a lemma which allows us to establish the close connection between B and D. We also take this. opportunity to make a calculation based on Theorem l(1) which will be needed later. 
The following calculation will be required in the proof of Theorem l(3). CALCULATION 1. If 0 < q < 1 < p and w and h are non-negative, measurable functions defined on (a, 6) with w E ,!,'(a, h) we have
Here W(t) = j: w as previously.
Proof: Let V = W --pw, let ii = W ~ p'q'wl -PJq and let C be the inlimum of the set of positive constants C such that IjFllp,q,6 6 C IlfI/p,y,u for all nonnegative, measurable functions j As before F(t) = fif: It is enough to prove that C < p'/q since the conclusion will then follow on replacing f by hw.
Theorem l( 1) with both p and q replaced by p/q gives the following estimate for C. Using these last two computations in the estimate for C above we obtain which completes the proof.
Proof of Theorem l(3). We begin by proving the theorem in the case v, w E L'(a, b). In view of Corollary 1, the inequality to be proved may be rewritten as (p')""' qlIYB< C6 q'14B. To prove C < q114B we fix a nonnegative, measurable functionfand suppose first that Ilf/lp,u < co. We wish to show that (job (r:f)' 4x) +)I" G q"'B IlfIIp,u. (6) Now by Holder's inequality with indices p and p', jlfll, < IISll,,+ llwll i'"' < co so f E L'(a, 6). By Theorem 2 there exists a level function f" off with respect to w which satisfies and Ilf"llp,u e IISllp,u. It is thus sufficient to establish which reduces the proof of inequality (6) to the case whenfis a level function with respect to w. In particular we may suppose henceforth that f/w is non-increasing. With F(x) = ji f as before we use Lemma 1 and Fubini's Theorem to write
Since f/w is non-increasing we have (7) w(s)ds>f(t) ' s 'w(t) (I w(s) ds=f(r) W(t) w(t) .
Using this estimate and applying Holder's inequality with indices r/q and p/q we dominate (7) by which completes the proof of (6) 
OPIAL-TYPE INEQUALITIES
Denote'by AC,(a, 6) the collection of functions g which are absolutely continuous on each compact subset of (a, b) and satisfy lim, j (1 g(x) = 0. Theorem 1 provides weight conditions which are equivalent to (9) and hence imply (10) . We state these here. Increasing y to t in the inner integral and extending the range of the outer integral shows that this expression is bounded above by (11) as desired.
If q + s < p then we note that p/(p -k) > 1 and apply Lemma 1 with k replaced by p/(p -k) and g(t) replaced by (s: U' ~ p')k'p' m(t) to obtain which is finite by (11). A more general statement of Theorem 3 allows us to consider inequalities involving two independent functions. THEOREM 4. Let p, q, s, k, u, v, and m be as in Theorem 3 and suppose that ql, q2,s1, and s2 are positive indices satisfying q1 + q2 = q and s, + s2 = s. If for some positive constant C, (9) holds for all non-negative functions f then s ' Igl" lg'ls' IhI"* lh'ls2 v6 Cq'+q* IIg'/;fu'"' jlh'II;;,+"* (12) a holds for all g, h E AC,(a, b).
Proof: By Holder's inequality with indices k/q,, p/s,, k/q,, and p/s2 we have s b lglq' lg'l"' lhlq2 lh'l"* VG Ilgll&, Ilg'll;,, IlW$ Ilh'll;u a and the result follows by two applications of the hypothesis (9).
Remark 3. The weight conditions given in Corollary 2 are sufficient for (12) . Remark 4. Theorems 14 of [ 131 may be deduced from Theorem 4 above although not with the sharp constants obtained in [13] .
